Abstract. In this paper we consider the problem of determining when the cohomology of a smooth projective variety over the rational numbers can be modeled by an abelian variety. Our primary motivation is a problem posed by Barry Mazur at the birthday conference for Joe Harris in 2011. We provide an answer to Mazur's question in two situations. First, we show that the third cohomology group can be modeled by the cohomology of an abelian variety over the rationals provided the Chow group of points is supported on a curve. This provides an answer to Mazur's question for all rationally connected threefolds, for instance. Second we show how a result of Beauville establishes that the middle cohomology of a fibration in quadrics over the rational numbers can be modeled by an abelian variety.
Introduction
In this paper we consider the problem of determining when the cohomology of a projective variety can be modeled by an abelian variety. Our primary motivation is a special case of a problem posed by Barry Mazur [Maz11, Maz14] at the birthday conference for Joe Harris in 2011: Suppose X/Q is a smooth, projective threefold over Q. For each rational prime ℓ, the cohomology group H 3 (XQ, Q ℓ ) admits a continuous action by Gal(Q), and H 3 (XQ, Q ℓ (1)) has weight one. Now further suppose that h 3,0 = h 0,3 = 0. Thanks to Mazur's Newton over Hodge Theorem [Maz72] , the twisted Galois representation H 3 (XQ, Q ℓ (1)) is still effective; each eigenvalue of Frobenius is actually an algebraic integer. Thus, H 3 (XQ, Q ℓ (1)) could be the cohomology group of some abelian variety in the sense that there is no obvious obstruction to the existence of an abelian variety J/Q such that there is an isomorphism of Gal(Q) representations (0.1) H 3 (XQ, Q ℓ (1)) ∼ = H 1 (JQ, Q ℓ ) for all ℓ. Mazur's first question is to determine when such an abelian variety J/Q, which he calls a phantom abelian variety, actually exists. In this paper we establish the existence of phantom abelian varieties in several special cases. This type of question has of course been considered in many contexts, and results in the literature provide a great deal of motivation. To begin, from the arithmetic perspective, the theorems of Tate and Honda [Tat66, Tat71, Hon68] imply that for each prime p of good reduction, there exists an abelian variety J p such that, if a phantom abelian variety J/Q were to exist, then the reduction of J modulo p would be isogenous to J p . (The Tate conjecture would then predict that (0.1) is realized by an algebraic cycle on X × J.) Further motivation comes from complex geometry. If we assume additionally that h 1,0 = 0, then H 3 (X C , C) is primitive, and the intermediate Jacobian H 1,2 (X C )/H 3 (X C , Z) admits a principal polarization. If the intermediate Jacobian were to descend to Q, this would provide a candidate for a phantom abelian variety. Using results of Murre [Mur85] and Bloch-Srinivas [BS83] on codimension 2 cycles, together with a descent argument, we are able to establish the following theorem, which holds in any dimension.
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Theorem A. Suppose that X is a smooth, geometrically integral, projective scheme over Q. If CH 0 (X C ) is supported on a curve, then the intermediate Jacobian J 3 (X C ) = H 1,2 (X C )/H 3 (X C , Z) descends to an abelian scheme J over Q such that there is an isomorphism of Gal(Q) representations
Recall that CH 0 (X C ) is supported on a variety V ⊆ X C if CH 0 (X C −V ) = 0. In order to compare with the situation considered above, recall that H 0 (X C , Ω i X C ) = 0 for all i > dim V (e.g., [Voi07b, Thm. 10 .17, p.290]). In particular, if CH 0 (X C ) is supported on points then H 3 (X C , C) is primitive, and equal to H 2,1 (X C ) ⊕ H 1,2 (X C ). In the other direction, if X C is a rationally connected variety then CH 0 (X C ) is supported on points, and if X C admits a morphism to a curve C such that the fibers of the morphism are rationally connected, then CH 0 (X C ) is supported on curve (in this case take V to be a curve cut out by hyperplane sections, which dominates C). A result of Campana [Cam92] and Kollár-Miyoaka-Mori [KMM92] implies that Fano varieties are rationally connected.
In short, Theorem A provides an answer to Mazur's question for a large class of threefolds, including all rationally connected 3-folds (which includes all Fano 3-folds), and all 3-folds admitting a morphism to a curve, such that every fiber is a rational surface. We point out that Theorem A does not provide a complete answer to Mazur's question; for instance, any uniruled 3-fold will have h 3,0 (X) = 0, but there are uniruled 3-folds that do not have CH 0 (X) supported on a curve (including those that have h 1,0 (X) = 0, as well). In this direction, later in the paper, we investigate fibrations in quadrics, which form a special class of uniruled threefolds that admit morphisms to surfaces such that all the fibers are rational curves (see also Remark 4.10).
To prove Theorem A we argue as follows. Due to results of Murre [Mur85] and Bloch-Srinivas [BS83] (see [Voi13, Thm. 1.1, p.141]), the group A 2 (X C ) of codimension 2 cycles algebraically equivalent to 0, modulo rational equivalence, admits an algebraic representative that is isomorphic to the intermediate Jacobian J 3 (X C ). We then show that the algebraic representative descends to Q. Results of Murre [Mur85] and Bloch [Blo79] allow us to compare the Galois representation on the cohomology of the algebraic representative with that of X, giving the result. For more on cohomology with Z ℓ coefficients, and connections to work of Voisin [Voi13] , see Remark 1.14. See also [GG12] , which considers motives of 3-folds over algebraically closed fields.
In the theorem above we considered H 3 (XQ, Q ℓ ). We could instead have considered the case where X/Q is a smooth, projective variety of dimension r = 2n+3 such that the middle cohomology H r (X C , Q) has Hodge level one; i.e., H r (X C , C) ∼ = H n+1,n+2 (X C )⊕H n+2,n+1 (X C ), and is primitive. Then the cup-product induces a non-degenerate, skew-symmetric pairing on H r (X C , Q) and the intermediate Jacobian
a priori just a complex analytic torus, is actually a principally polarized abelian variety. One could then ask whether J r (X C ) descends to an abelian scheme J over Q, and if so whether there is an isomorphism of Gal(Q) representations
For complete intersections this was answered affirmatively by Deligne [Del72] , using the absolute irreducibility of the monodromy representation of the universal family of complete intersections.
For cubic threefolds, there is a geometric approach due to Mumford [Mum74] for constructing the intermediate Jacobian via the theory of Prym varieties. Recall that given a cubic threefold X k ⊆ P 4 k over an algebraically closed field k of characteristic = 2, and a general line L ⊆ X k , the blow-up Y k of X k along L defines a fibration in conics Y k → P 2 k with discriminant ∆, a smooth plane quintic. The Stein factorization of the relative Fano variety of lines in Y k over P 2 k defines a connected,étale double cover ∆ → ∆, and the Prym variety P ( ∆/∆) k is a principally polarized abelian variety over k. When k = C the Prym variety agrees with the intermediate Jacobian J 3 (Y C ) = J 3 (X C ), and moreover, when k =Q,
the first author showed that when k =Q and XQ is obtained by pull-back from a scheme X/Q, then P ( ∆/∆) in fact descends to Q, giving another construction of the phantom abelian variety in this case. In this paper we generalize this result by showing that a result of Beauville provides phantom abelian varieties for a larger class of fibrations in quadrics. Recall that Beauville [Bea77b] has shown that over an algebraically closed field k of characteristic = 2, given X k → P 2 k a fibration in quadrics of odd dimension m = 2n + 1 (so that dim X k = 2n + 3), the Prym construction yields an abelian variety P ( ∆/∆) k over k, such that H 2n+3 (X k , Z ℓ (n+1)) ∼ = H 1 (P ( ∆/∆) k , Z ℓ ). When k = C the abelian variety agrees with the intermediate Jacobian. By taking k =Q, one could try to make arguments using descent to obtain a phantom abelian variety over Q. However, the arguments in [Bea77b] in fact hold replacing k with an arbitrary base Z where 2 is invertible. As a special case, one obtains a geometric construction of the phantom abelian variety for odd dimensional quadric bundles over P 2 Q . Theorem B. Let Z be a reduced, locally Noetherian scheme on which 2 is invertible, and let S → Z be a Brauer-Severi surface. If f : X → S is an ordinary fibration in quadrics of dimension m = 2n + 1, then there exists a principally polarized abelian scheme ρ : P (X) → Z such that, for each geometric pointz ∈ Z and each prime ℓ ∈ N invertible in the residue field κ(z), there is an isomorphism
We refer the reader to the body of the paper for precise definitions. Theorem 4.7(a) generalizes the statement of Theorem B by allowing for non-reduced bases Z, and for more general surfaces S/Z. While the argument for Theorem 4.7(a) is essentially contained in [Bea77b] , for clarity, we show in this paper how to reduce the question to the results stated there. The idea is to confirm that the Prym construction for quadric bundles over an algebraically closed field can be extended, functorially, to arbitrary locally Noetherian bases on which 2 is invertible. Consequently, one obtains an abelian scheme over Z, and the desired cohomological conditions can be checked on the fibers.
To emphasize the connection with Mazur's original question for 3-folds over Q, we state the following corollary. More details are given in Corollary 4.9.
Q is a fibration in conics with smooth discriminant curve, then a phantom abelian variety J/Q exists, and is obtained geometrically as the Prym variety of the associated etale double cover the discriminant curve.
Note that since every fibration in quadrics over a rational surface is rationally connected, the existence of a phantom abelian variety in this case follows from Theorem A, as well. (See Remark 4.10 for more on cases arising from Theorem 4.7 that are not covered by Theorem A.)
From the statement of Theorem B, it is natural to ask the following more general question. Suppose g : X → Z is a smooth, projective morphism of relative dimension 2n + 3. Is there an abelian scheme ρ : J → Z such that for each prime number ℓ, after inverting ℓ, there is an isomorphism of ℓ-adic sheaves
For instance, in the case where 
where g : X → Z is the structure map.
As a final note, recall that for a complex cubic threefold X, the Albanese of the Fano variety of lines is isomorphic to the intermediate Jacobian [CG72] . Harris, Roth and Starr have generalized this to show that the intermediate Jacobian is also the Albanese of the Hilbert scheme of degree d curves in X for 1 ≤ d ≤ 5 (see [HRS05] ). Mazur has asked more generally for the relationship between phantom abelian varieties and Albaneses of Kontsevich spaces. We intend to investigate this further in the future.
Outline. In Section 1 we review the results of Murre and Bloch-Srinivas, and then prove Theorem A. We then move on to consider the Prym construction for fibrations in quadrics. In Section 2 we fix notation on quadrics, and introduce the notion of a quadric of totally fixed rank. This condition allows for the Prym construction to go through for fibrations in quadrics over more general bases. In Section 3 we discuss fibrations in quadrics, and review the structure of the discriminant for fibrations in quadrics over surfaces. In Section 4 we prove Theorem B and Theorem D.
Conventions. All schemes are assumed to be locally Noetherian. With the sole exception of §1 we will also assume that 2 is invertible on all schemes. By a variety we will mean a geometrically integral, separated scheme of finite type over a field.
Codimension 2 cycles and the proof of Theorem A
In this section we prove Theorem A. To begin, in Section 1.1 we review the results of Murre and Bloch-Srinivas concerning algebraic representatives of the group A 2 (X). In Section 1.2 we show that algebraic representatives overQ descend to abelian schemes over Q. In Section 1.3 we compare algebraic representatives overQ with those over C. In Section 1.4 we compare the Galois representation on the cohomology of the algebraic representative with that of X. Finally in Section 1.5 we give the proof of Theorem A.
In this section we allow for fields of arbitrary characteristic, although in the end we will only establish Theorem A in characteristic 0.
1.1. Results of Murre and Bloch-Srinivas. Fix an algebraically closed field k. Let X be a smooth, projective variety over k. We will use the standard notation: CH i (X) is the Chow group of codimension i cycles modulo rational equivalence, and A i (X) ⊆ CH i (X) is the group of codimension i cycles algebraically equivalent to 0 modulo rational equivalence. To keep the notation from becoming overly burdensome, in this section we will identify a variety X over k with its k points X(k). 
is said to be regular if for every pair (T, Z) with T a pointed variety, and Z ⊆ T × X a relative codimension i cycle over T , the composition
is a morphism of varieties over k, where, if t 0 ∈ T is the base point of T , w Z :
An algebraic representative for A i (X) is an abelian variety that is initial for regular morphisms. In other words, it is a pair (Ab i (X), φ i X ) with Ab i (X) an abelian variety over k, and
a regular homomorphism of groups such that for every other pair (A, φ) consisting of an abelian variety A over k and a regular homomorphism φ : A i (X) → A, there exists a unique morphism f : Ab i (X) → A of varieties over k such that the following diagram commutes
It is well known that an algebraic representative of A 1 (X) is given by Pic 0 (X) (together with the Abel-Jacobi map taking a divisor to its associated line bundle). Similarly, an algebraic representative of A d (X) (where d is the dimension of X) is given by the Albanese Alb(X) (together with the Albanese map).
In fact, we will want to use the following theorems of Murre and Bloch-Srinivas concerning codimension 2 cycles. For a smooth complex projective variety X, we will use the notation J 3 (X) for the for the intermediate Jacobian determined by H 3 (X, C); i.e.,
. Let X be a smooth, projective variety over an algebraically closed field k. There exists an algebraic representative (Ab
the algebraic representative is isomorphic to the image of the Abel-Jacobi map
For the next result, recall that given a field k, a universal domain for k is an extension field Ω ⊇ k with Ω algebraically closed and of infinite transcendence degree over k (e.g. C ⊇Q). 
an isomorphism. The proof, however, follows directly from the decomposition of the diagonal in [BS83, Prop. 1], which holds over k. Consequently, the same proof as [BS83, Thm. 1, p.1238] shows that φ 2 X : A 2 (X) → Ab 2 (X) is an isomorphism, as well. Now consider the case where k = C. Suppose that CH 0 (X) is supported on a curve V . Since X is finite type over C, there is some finitely generated extension field C ⊇ L ⊇ Q with X and V defined over L. Let k =L. As C ⊇ k is a universal domain, one concludes using [BS83, Thm. 1, p.1238] that φ 2 X : A 2 (X) → Ab 2 (X) is an isomorphism. To show that the Abel-Jacobi map is an isomorphism, it suffices by Murre's result to show that the Abel-Jacobi map is surjective. It is well-known (see e.g. [Voi13, Thm. 1.1, p.141]) that an argument similar to that in [BS83] , using decompositions of the diagonal, can be used to show that if CH 0 (X) is supported on a curve then the morphism CH 2 (X) hom → J 3 (X), from the group of codimension 2-cycles homologous to 0 modulo rational equivalence, is surjective. Since the Griffiths group Griff 2 (X) := CH 2 (X) hom / A 2 (X) is always countable, this implies the map from A 2 (X) is also surjective. In fact it is established in [BS83, p.1236 ] that if Y is a smooth projective complex variety such that CH 0 (Y ) is supported on a surface, then Griff 2 (Y ) = 0. Thus if X is a smooth complex projective variety such that CH 0 (X) is supported on a curve, then the Abel-Jacobi map induces isomorphisms CH
1.2. Descent for algebraic representatives. In this subsection we show that for a scheme X K defined over a perfect field K with algebraic closure k, an algebraic representative of A i (X k ) will descend to K. Proposition 1.5. Let K be a perfect field, and let k = K. Suppose that X K is a smooth, geometrically irreducible, projective scheme over K, and let
then the algebraic representative descends to K; i.e., there exists
The proof is essentially to use the universal property to obtain descent data for the algebraic representative. We introduce some notation to make the argument more transparent. For a projective scheme X over k, and σ ∈ Gal(k/K), we will define X σ andσ by the pull-back diagram
Definition 1.6. Let K be a field, let k = K, let X be a smooth projective variety over k, and let σ ∈ Gal(k/K). Given an abelian variety A over k, a homomorphism of groups
is said to be σ-regular if for every pair (T, Z) with T a pointed k-variety, and Z ⊆ T × X a relative codimension i cycle over T , the composition
is a morphism over σ; i.e., there is a commutative diagram of morphisms of schemes
Consider the morphism
From the universal property of the algebraic representative, there is a unique morphismf :
The uniqueness of f follows again from the universal property of the algebraic representative.
Proof of Proposition 1.5. We will show that the descent data for X induces descent data for Ab i (X). To begin, recall that descent data for X over the cover k → K is equivalent to a lift of the action of Gal(k/K) to X. Now suppose we are given Z ⊆ T × X, a relative codimension i cycle over T , with T a connected, pointed variety over k. Then, using the notation from above, one has the commutative diagram
The compositions both of the top and bottom rows are morphisms over the identity on k; the morphismσ −1 is over the automorphism σ −1 of k. Therefore, since T was arbitrary, it follows that the composition
By virtue of the previous lemma, there is a unique morphism σ Ab : Ab
Using the universal property of the algebraic representative, one can see that the morphisms σ Ab : Ab i (X) → Ab i (X) are isomorphisms that define a lift of the action of Gal(k/K) to Ab i (X). Therefore, Ab i (X) descends to K. 
Proof. Part (a) is the content of [Lec86, Thm. 3.11]. We now sketch the proof of part (b), which follows from (a) and a standard spreading-out argument. First, it is clear that
is injective. In other words, it only remains to show the map is surjective. To this end, suppose that α ∈
. By assumption W Ω is algebraically equivalent to 0 over Ω. Thus there is a 2-pointed projective curve (C; p 1 , p 2 )/Ω and a relative cycle 
We use this result on N -torsion to prove the following lemma comparing algebraic representatives after base change of algebraically closed fields. Lemma 1.9. Let X be a smooth projective variety over an algebraically closed field k. Let Ω/k be an algebraically closed extension field. Assume that
Proof. There is a cycle Z on Ab
is induced by an isogeny ψ :
The vertical map on the left is an isomorphism by general properties of abelian varieties. The vertical map in the middle is an isomorphism by Proposition 1.8.
If we assume in addition that N is coprime to both deg ψ and deg ψ ′ , then the induced maps
are isomorphisms. Consequently, since we are assuming in addition that φ X is an isomorphism, then the same can be said for w Z [N ]. Therefore, under these hypotheses on N , we may conclude that w Z Ω [N ] is also an isomorphism. It follows that the morphism φ X Ω • w Z Ω : Ab 2 (X) Ω → Ab 2 (X Ω ) induced by Z Ω is an isomorphism on N -torsion, and thus an isogeny. Now suppose that k has characteristic zero. The kernel of the isogeny φ X Ω • w Z Ω is anétale group scheme, and thus is equal to G Ω for some finite group scheme G ⊂ Ab 2 (X). Similarly, let H = ker ψ ⊂ Ab 2 (X). We have a diagram 
] are injective, each λ 2 ℓ n is injective. Upon taking inverse limits we obtain an injective map
Moreover, we have an inclusion of rational Tate modules [Mur85, (18) , p.250]). The asserted inclusion (1.2) follows after identifying V ℓ Ab 2 (X) with H 1 (Ab 2 (X), Q ℓ (1)) and twisting (1.3).
Remark 1.11. An integral version of Lemma 1.10 holds for all but finitely many ℓ. More precisely, let Z be a cycle on X × Ab 2 (X) such that the map φ X • w Z : Ab
, and thus we conclude that there is a natural inclusion
As a consequence of the lemma, good reduction of X implies good reduction of Ab 2 (X):
Corollary 1.12. Let X R be a smooth, geometrically integral, projective scheme over a discrete valuation ring R with fraction field K and perfect residue field κ. Let k = K, and let φ X k : 
At the same time, since we are assuming that CH 0 (X C ) is supported on a curve, [Mur85, Thm. C] and [BS83, Thm. 1, p.1238] (see Theorem 1.3 above) imply that the intermediate Jacobian J 3 (X C ) is an algebraic representative for A 2 (X C ). Moreover, by Lemma 1.9 there is an isomorphism
Therefore, J C ∼ = J 3 (X C ). This establishes that the intermediate Jacobian descends to Q. In addition, as a consequence, we have dim
Thus the inclusion H 1 (JQ, Q ℓ ) ⊆ H 3 (XQ, Q ℓ (1)) is an isomorphism.
Remark 1.13. Suppose X is a smooth, geometrically integral projective scheme over Q such that CH 0 (X C ) supported on a curve. It follows from Corollary 1.12 that if p is a place of good reduction for X, it is also a place of good reduction for a phantom abelian variety J over Q. From proper base change, it follows that the cohomology of X p is modeled by the cohomology of J p ; i.e., H 1 (Jp, Q ℓ ) ∼ = H 3 (Xp, Q ℓ (1)).
Remark 1.14. Reviewing the proof above, one can see from Remark 1.11 that in fact we obtain an inclusion H 1 (JQ, Z ℓ ) ⊆ H 3 (XQ, Z ℓ (1)) for almost all ℓ (and with at worst torsion co-kernel). The impediment in the proof to obtaining the inclusion for all ℓ was the degree of the map ψ Z . Over C, a result of Voisin [Voi13, Thm. 1.12, 1.13] establishes that if the diagonal admits an integral decomposition, then there exists a cycle Z over C so that ψ Z is of degree 1. If this cycle were to descend to a cycle Z ′ overQ so that ψ Z ′ was of degree 1, this would provide an inclusion
Remark 1.15. Assuming the Hodge conjecture and the Bloch-Beilinson conjecture, one can extend Theorem A. More specifically, suppose that X is a smooth, geometrically integral, projective scheme over Q. Assume any of the following:
(1) h i,0 (X) = 0 for i > 1, and the Bloch-Beilinson conjecture holds.
(2) dim X = 3, X C is uniruled, and Ab 2 (X C ) = Ab 2 (XQ) C .
(3) h 3,0 = 0, Ab 2 (X C ) = Ab 2 (XQ) C , and the Hodge conjecture holds.
Then the intermediate Jacobian
For (1), it is a consequence of the Bloch-Beilinson conjecture, and the assumption that h i,0 = 0 for i > 0, that CH 0 (X C ) is supported on a curve (see Voisin [Voi14, Conj. 1.11]). For (2) and (3) one can argue as follows. Either the Hodge conjecture and h 3,0 = 0, or the assumption that dim X = 3 and X C is uniruled, imply that the Abel-Jacobi map is surjective (see [Voi07a, p.303, p.314]). This implies from Murre's results that Ab 2 (X C ) is the intermediate Jacobian. The proof then follows exactly as in the proof of Theorem A, since now we are assuming Ab 2 (X C ) = Ab 2 (XQ) C .
Preliminaries on quadrics
In this section we review some basic facts about quadrics. This primarily serves the purpose of fixing notation. The main technical point is the definition of a totally fixed rank quadric, which allows for generalizations of various constructions to arbitrary bases. We also review some standard facts about Fano varieties for quadrics; the main point is Lemma 2.5, describing how to obtain ań etale double cover from a quadric whose fibers all have an ordinary, isolated double point.
Let S be a locally Noetherian scheme on which 2 is invertible. We will use the convention that a quadric of dimension m over S is a closed subscheme
S such that f : X → S is flat and for each s ∈ S, the fiber X s has Hilbert polynomial P (t) := (1)). In other words, a quadric is a
to the Hilbert scheme of degree 2 hypersurfaces in projective space. We say a quadric is smooth if the morphism f : X → S is smooth. We will typically want a slightly more general notion. By a bundled quadric of dimension m over S we will mean a flat, proper, surjective morphism f : X → S such that there exists a rank m + 2 vector bundle E on S, a line bundle L on S, and a non-zero section
such that X ∼ = V (q) ⊆ P S E := Proj S (Sym • E ∨ ) as S-schemes. A quadric over S corresponds to the special case of a bundled quadric over S where E = O ⊕m+2 S . For a bundled quadric, we may identify q with a morphism
In this notation, we say that the bundled quadric f : X → S is of totally fixed rank r if both ker(q) and im(q) are locally free, and im(q) has rank r.
Remark 2.1. If S is reduced, then a bundled quadric is of totally fixed rank r if and only if for every s ∈ S, the morphism of κ(s)-vector spaces q(s) : E ⊗ κ(s) → (E ∨ ⊗ L) ⊗ κ(s) has rank r. In other words, for every s ∈ S the fiber X s is a quadric of rank r over the field κ(s). In fact, since the rank is stable under change of base field, it suffices to check that every geometric fiber X s has rank r.
Since a bundled quadric f : X → S is a flat, surjective, finite type morphism of schemes of constant relative dimension m over a locally Noetherian scheme, we define the singular locus of f , denoted Sing(f ), in the usual way. We set Sing(f ) := V (Fitt m Ω X/S ) ⊆ X to be the scheme defined by the m-th Fitting ideal of Ω X/S . Since in addition f is proper, we define the discriminant of f , denoted ∆(f ), in the usual way as well. We have f * O Sing(f ) is coherent on S, and we define ∆(f ) := V (Fitt 0 (f * O Sing(f ) )) ⊆ S. The scheme Sing(f ) has support equal to the locus x ∈ X such that the fiber X f (x) is singular at x, and ∆(f ) has support equal to the points s ∈ S such that the fiber X s is singular.
In the notation of (2.1) Sing(f ) is determined by ker(q), and ∆(f ) is defined by the section
Lemma 2.2. Suppose that f : X → S is a bundled quadric of totally fixed rank r. Then there is a vector bundle E ′′ on S of rank r, and a section q ′′ ∈ H 0 (S, Sym
, defining a smooth, bundled quadric f ′′ : X ′′ → S of totally fixed rank r, which is isomorphic to the exceptional divisor in the blow-up of f : X → S along Sing(f ).
Example 2.3. Before proving the lemma, it may be useful to consider the following elementary example. Let k be an algebraically closed field, and let f : X → Spec k be a rank 3 quadric in P 3 k . Then X is a cone over a smooth conic C ⊆ P 2 k , and blowing-up the singular point of X one obtains a P 1 k -bundle over the exceptional divisor, which is isomorphic to the smooth conic C. Proof. Let E ′′ = im(q). Since we are assuming that f : X → S is of totally fixed rank r, we have by definition that E ′′ is a vector bundle of rank r. Applying Hom O S (−, L) to the maps
we have
Since by assumption the composition along the bottom row is q, the map q ∨ L provides an isomor-
to be the inverse of q ∨ L . Let f : X ′′ → S be the smooth bundled quadric defined by q ′′ . To show that f ′′ : X ′′ → S is isomorphic to the exceptional divisor in the blow-up of f : X → S along Sing(f ) one can consider the exact sequence
where E ′ := ker q is also a vector bundle. We have Sing(f ) = P S E ′ ֒→ P S E, and the exceptional divisor in the blow-up of P S E along P S E ′ is isomorphic to P S E ′′ . The restriction of the proper transform of V (q) to the exceptional divisor gives V (q ′′ ) ⊆ P S E ′′ .
Bundled quadrics f : X → S admit relative Fano varieties with respect to O X (1) = O P S E (1)| X . More precisely, for each number 0 ≤ n ≤ m, fix the polynomial P n (t) := n+t t . The relative Fano variety of n-planes in X/S, denoted F O X (1) n (X/S) (or just F n (X/S)), is defined to be the Hilbert scheme H Pn,O X (1) X/S . This parameterizes n-planes in the fibers X s ⊆ P m+1 κ(s) . Remark 2.4. We recall here the standard result that given a smooth quadric f : X → S of dimension 2n, the structure morphism F n (X/S) → S has Stein factorization Lemma 2.5. Suppose that f : X → S is a bundled quadric of dimension m = 2n + 1 over a locally Noetherian scheme S, which is of totally fixed rank r = 2n + 1. Let f ′′ : X ′′ → S be the exceptional divisor in the blow-up of f : X → S along Sing(f ). Then the structure morphism F n (X ′′ /S) → S has Stein factorization
where π : S → S is anétale double cover.
Proof. Using the previous lemma, we have that X ′′ → S is a smooth, dim = 2n bundled quadric of totally fixed rank 2n + 1. The lemma then follows from the results cited in Remark 2.4.
Remark 2.6. In the notation of the lemma, the geometric points of the relative Fano scheme F n+1 (X/S) are in bijection with the geometric points of F n (X ′′ /S); for a geometric fiber X s , each (n + 1)-plane in X s is a cone over an n-plane in X ′′ s , and conversely. On the other hand, F n+1 (X/S) is non-reduced, since for each geometric fiber X s , each (n + 1)-plane passes through the singular point of the quadric (e.g. [AK77, Thm. 4.2, p.32]).
Fibrations in quadrics
Let Z be a locally Noetherian scheme. By a fibration in bundled quadrics over Z we will mean a diagram
Z where f : X → S is a bundled quadric, g : X → Z is smooth, and h : S → Z is smooth, proper and surjective. For brevity, we will often refer to these simply as fibrations in quadrics, and write f : X → S, suppressing the maps to Z.
The case where Z = Spec K for some field K and S/K is a smooth curve has been studied extensively in the literature (see [HT12, BD84] , for more discussion and references). The case where K = K and S = P 2 K is considered in [Bea77b] , and serves as the primary motivation in our paper. Our main focus will be the case where Z = Spec Q and S = P 2 Q . The techniques hold more generally for the case where Z is an arbitrary scheme, and S/Z is a Brauer-Severi scheme with geometric fibers S z isomorphic to P 2 κ(z) . In fact, much of what is done here will hold in the case where S/Z is an arbitrary smooth, proper morphism with geometric fibers that are connected and of dimension 2. We will refer to such an example as a fibration in (bundled) quadrics over a Z-surface.
3.1. Discriminants for fibrations in quadrics over surfaces. We now describe discriminants for fibrations in quadrics over surfaces. The goal will be to have a good handle on the restriction of the quadric to the discriminant so that we can employ the results on quadrics of totally fixed rank. The following is derived from [Bea77b, Prop. 1.2].
Proposition 3.1. Suppose f : X → S is a fibration in quadrics over a Z-surface S. If the discriminant ∆(f ) ⊆ S is non-trivial, it is a nodal Z-curve; i.e. ∆(f ) → Z is a flat, proper morphism such that every geometric fiber is a complete scheme of dimension 1, with at worst nodes for singularities. Moreover, let z ∈ Z be a geometric point, and let s ∈ S z be a geometric point in the fiber.
(1) If s ∈ S − ∆(f ), then X s is smooth; (2) If s ∈ ∆(f ) and the fiber ∆(f ) z is smooth at s, then X s has a unique singular point; (3) If s ∈ ∆(f ) and the fiber ∆(f ) z is singular at s, then X s is singular along a line.
Proof. The case where Z = Spec k for an algebraically closed field k is [Bea77b, Prop. 1.2]. To be precise, the proof there is for the case of P 2 k , but consists of local computations that reduce the problem to the case of open subsets of A 2 k . For an arbitrary smooth surface S/k, the question iś etale local on S, so that after anétale base change, one can also reduce to the case of open subset of A 2 k . Now for the case of a general base Z, we only need to show that ∆(f ) is flat and proper over Z. Since S/Z is proper, and ∆(f ) is defined as the zero locus of a section δ of a line bundle, it follows that ∆(f ) is proper over Z. In fact one can show moreover that ∆(f ) is a Cartier divisor. It remains to show that ∆(f ) is flat over Z; i.e. ∆(f ) is a relative Cartier divisor. This follows from the fiber-wise statement, and say [Kle05, Lem. 9.3.4(iii)].
We say that a fibration in quadrics over a Z-surface is ordinary if ∆(f ) is a smooth curve over Z. In particular, the discriminant is non-trivial.
3.2. Geometric set-up for ordinary fibrations in quadrics of odd dimension over surfaces. Suppose that f : X → S is an ordinary fibration in m = (2n + 1)-dimensional quadrics over a Z-surface S. Let ∆ = ∆(f ) be the discriminant. Restricting to ∆, we obtain a new fibration in quadrics
We call this the restriction to the discriminant. From Proposition 3.1 and Remark 2.1, if Z is reduced, this family is of totally fixed rank m = 2n + 1. If Z is not reduced, we will make the added assumption that the family is of totally fixed rank m = 2n + 1.
By Lemma 2.2 we may then blow-up the singular locus of f | ∆ , and the exceptional divisor yields a fibration in 2n-dimensional quadrics f ′′ : X ′′ → ∆ over Z of totally fixed rank 2n + 1. Then by Lemma 2.5 the relative Fano variety of n-planes in X ′′ admits a Stein factorization
where ∆ → ∆ is anétale double cover of the family of smooth curves ∆/Z. For the convenience of the reader we include Figure 1 capturing the discussion; ǫ : X → X is the blow-up of X along Sing(f ), and p : X ∆ → X ′′ exhibits the blow-up X ∆ as a P 1 -bundle over X ′′ . Proof. This is the content of the discussion above.
Descending cohomology geometrically
We now prove Theorem B and D, providing a geometric construction of an abelian variety that models the cohomology of a fibration in odd-dimensional quadrics over a surface. We start with an easier problem, the case of a smooth fibration in even-dimensional quadrics over a curve. This result is used later to describe the cohomology of the restriction to the discriminant curve of an odd-dimensional fibration in quadrics over a surface. To compare the cohomology of the restriction with that of the original fibration in quadrics, one is led to consider the Prym variety of theétale double cover of the discriminant curve; we review some basic facts about Prym varieties in §4.2. Finally, with this set-up, we prove the main theorems, essentially reducing the general case to [Bea77b, Thm. 2.1, p.329].
4.1. Descending cohomology geometrically for smooth quadrics. We start with a result on smooth even dimensional quadrics over curves that will play a role in the subsequent proofs. 
Moreover, if ℓ is invertible on Z, then there are isomorphisms
Proof. It suffices to prove (4.2). Using the notation of the diagram (3.1), we apply the Leray spectral sequence to the composition g * = h * f * :
Since R q f * Z ℓ (n) = 0 for q odd (e.g. [SGA73, Exp. XII, Thm. 3.3]), and we are assuming S/Z is a curve, we obtain an isomorphism
The remaining isomorphism in (4.2) follows as there is an isomorphism R 1h
To emphasize the connection with Mazur's original question for 3-folds over Q, we state the following corollary. The existence of a phantom abelian variety in the situation of the corollary in fact follows from Theorem A, as well. (1) If the cohomological dimension of S/Z is at most 2; i.e., R i h * Z ℓ = 0 for i > 2,
For applications later, we observe that the conclusion still holds if we drop the hypothesis that S/Z be proper.
(2) Assume that S/Z is a surface with R 1 h * Z ℓ = 0, and that m = 2n + 1 is odd. Then R 2i+1 g * Z ℓ (n) = 0. In particular, for a smooth fibration in odd dimensional quadrics over a Q-surface S, with R 1 h * Z ℓ = 0, a phantom abelian variety exists and is trivial.
Prym varieties.
In order to study ordinary fibrations in quadrics over surfaces, we will need to use Prym varieties rather than Jacobians. In this section we recall the set-up. For simplicity, fix g ≥ 2, and let R g be the Deligne-Mumford Z[1/2]-stack of connected,étale double covers of smooth curves. The objects of the category R g are diagrams
where Z is a Z[1/2]-scheme, C → Z and C → Z are smooth Z-curves of genus 2g − 1 and g respectively, and the restriction to every geometric pointz ∈ Z is a connected,étale double cover of the curve Cz. The morphisms in the category R g are given by pull-back diagrams.
There is a Z[1/2]-morphism
where A g−1 is the moduli stack of principally polarized abelian varieties (ppavs) of dimension g − 1 (e.g., [Bea77a, §6] ). In other words, for every diagram (4.5), one associates (naturally) a principally polarized abelian scheme over Z of dimension g − 1, (P ( C/C), Ξ), called the Prym scheme. We will refer to the structure map as
The construction is as follows. Associated to C/Z and C/Z are Pic We define P ( C/C) = (ker N m) 0 , the connected component of the identity. Since 2 is by hypothesis invertible on Z, and Nm π * = 2 Id, it follows that (ker N m) 0 is reduced (see, e.g., [Ach14, Lem. 3.7] for more details) and thus an abelian scheme. The principal polarization Θ on Pic 0 C/Z restricts to give twice a principal polarization Ξ on P ( C/C), and defines the principally polarized abelian scheme (P ( C/C), Ξ).
Remark 4.4. The Prym construction carries through for disconnected,étale double covers as well. The moduli space of such covers is identified with M g , and the Prym map agrees with the Torelli map M g → A g . Moreover, the construction holds without the condition that g ≥ 2, although one then loses the interpretation as a map of moduli spaces. We also direct the reader to [Bea77a] for the extension of this construction to the moduli of admissible double covers.
As an alternative construction, let ι : C → C be the nontrivial involution that commutes with π. One has P ( C/C) = im(1 − ι * ), giving rise to an exact sequence
Over an algebraically closed field, this gives rise to an exact sequence in ℓ-adic cohomology
4.3. Descending cohomology for ordinary fibrations in quadrics over surfaces. We now come to the proof of Theorem B (Theorem 4.7). We begin with the special case where Z is the spectrum of an algebraically closed field. This is a small generalization of [Bea77b, Thm. 2.1, p.329]. 
If moreover O S (∆) is ample and H 1 (S, Z ℓ ) = 0, then ψ is an isomorphism.
Proof. Over C, in the analytic topology, and with S = P 2 C , this is [Bea77b, Thm. 2.1, p.329]. As pointed out in [Bea77b, Rem. 2.7, p.334], the same argument holds in arbitrary characteristic for ℓ-adic cohomology, giving the result as stated here for P 2 k . The argument holds more generally for surfaces satisfying the conditions in the statement of the theorem. For the convenience of the reader, we provide a sketch, keeping track of the Galois representations; i.e., verifying that the correct Tate twist on the right in the statement of the theorem is Z ℓ (n + 1).
We use the notation from §3.2 (see esp. Figure 1) . Define a morphism
as the composition
Here φ is the isomorphism obtained by applying Theorem 4.1 to the smooth quadric f ′′ : X ′′ → ∆, j * is the Gysin map associated to the smooth Z-pair ( X ∆ , X) (e.g. [Mil80, Rem. 5.4(b), p.244]), and ǫ * is the projection onto the direct summand H 2n+3 (X, Z ℓ (n + 1)) (e.g. [SGA73, Exp. XVIII, §2]). With respect to the natural pairings on H 2n+3 (X, Z ℓ (n + 1)) and H 1 ( ∆, Z ℓ ) respectively, one shows that for a, b ∈ H 1 ( C, Z ℓ ) one has (ψ(a),
From (4.6), one obtains the inclusion (4.8).
To show that ψ is surjective, one must compare the cohomology of X ′′ to that of X via the composition ǫ * j * p * . To do this, set i : E ֒→ X to be the exceptional divisor in the blow-up ǫ, set U = X − ( X ∆ ∪ E) and set m : U ֒→ X to be the inclusion. One has the Leray spectral sequence with respect to m, namely, E p,q 2 = H p ( X, R q m * Z ℓ (n + 1)) ⇒ H p+q (U, Z ℓ (n + 1)). Now f | U : U = (X − X ∆ ) → S − ∆ is a smooth quadric. Also, since ∆ is assumed to be an ample divisor, S − ∆ is affine and so has cohomological dimension at most 2 (e.g. [Mil80, Thm. 7.2, p.253]). Thus, as pointed out in Remark 4.3, it follows that H 2n+3 (U, Z ℓ (n + 1)) ∼ = H 1 (S − ∆, Z ℓ ). The Gysin sequence associated to the smooth k-pair (∆, S) gives
is injective, and thus we have H 2n+3 (U, Z ℓ (n + 1)) = 0 and so in particular E 2n+3,0 ∞ = 0. Now a detailed analysis of the spectral sequence (see [Bea77b, p.333] ) using the fact that the map
is identified with the Gysin map
shows that ǫ * j * p * is surjective, and thus that ψ = ǫ * j * p * φ is surjective as well.
Remark 4.6. For an ordinary fibration in quadrics f : X → P 2 k , it shown in [Bea77b, Thm. 3.1] that P ( ∆/∆) is an algebraic representative for A n+2 (X), and that the natural map A n+2 (X) → P ( ∆/∆) is an isomorphism on k points. Moreover, it is shown in [Bea77b, Thm. 2.1] that over the complex numbers, P ( ∆/∆) agrees with the intermediate Jacobian J 2n+3 (X).
We now use this theorem to prove the general case. Remark 4.8. The sheaves appearing in the theorem are local systems of Z ℓ -modules on Z; since such a local system (of rank 2r) is given by a representation π 1 (Z,z) → GL 2r (Z ℓ ), in the special case where Z = Spec K, with k = K, the theorem simply asserts that there is an isomorphism of π 1 (Spec K, Spec k) ∼ = Gal(K)-modules H 1 (P ( ∆/∆) k , Z ℓ ) ∼ = H 2n+3 (X k , Z ℓ (n + 1)).
Proof. (a) Let f : X → S be an ordinary Beauville fibration in m = (2n + 1)-dimensional quadrics over Z, satisfying the hypotheses of the theorem. From Proposition 3.2, we obtain anétale double cover ( ∆ → ∆) → Z of the smooth Z-curve ∆. Associated to such a cover is a Prym variety P ( ∆/∆) → Z ( §4.2). Since the construction is functorial, part (a) follows from Theorem 4.5:
H 1 ((P ( ∆/∆))z, Z ℓ ) ∼ = H 1 (P ( ∆z/∆z), Z ℓ ) ∼ = H 2n+3 (Xz, Z ℓ (n + 1)).
(b) Fix a geometric pointz of Z, and let r be the relative dimension of P ( ∆/∆) → Z. The lisse ℓ-adic sheaves R 1 ρ * Z ℓ and R 2n+3 g * Z ℓ (n + 1) correspond, respectively, to inverse systems of continuous representations α i , β i : π 1 (Z,z) → GL 2r (Z/ℓ i ). By the Chebotarev density theorem, α i and β i are isomorphic representations if they agree at all Frobenius elements corresponding to closed points of Z. This last condition is guaranteed by (a).
(c) Using a standard spreading-out argument [Gro66, 8.9 .1], embed Z in a scheme Z of finite type over Z, and similarly spread out X → S into an ordinary fibration in bundled quadrics over a Z-surface. Now invert ℓ in Z and apply (b). Remark 4.10. Since every fibration in quadrics over a rational surface is rationally connected, the existence of a phantom variety in this case follows from Theorem A, as well. In fact, for a fibration in quadrics f : X → S over Q, the natural map CH 0 (X C ) → CH 0 (S C ) is an isomorphism (e.g., [HM07, Cor. 1.7(3)]), so that CH 0 (X C ) is supported on a curve if and only if CH 0 (S C ) is supported on a curve. This will fail whenever h 2,0 (S) = 0 (e.g. [Voi07b, Thm. 10.1]), and so Theorem 4.7 provides examples not covered by Theorem A. In terms of maximal rationally connected (MRC) quotients, the situation can be summarized as follows. Among 3-folds X that admit an MRC quotient morphism π C : X C → M C , if M C is a point or a curve, then X admits a phantom abelian variety (Theorem A). If M C is a surface, then in this paper we show that X admits a phantom abelian variety in the following special case: the MRC quotient is obtained by pull-back from a morphism π : X → M defined over Q, M is smooth, h 1,0 (M ) = 0, every fiber of π is a quadric (see Remark 4.12 below), the discriminant ∆ ⊆ M is smooth, and O M (∆) is ample. 
Z
Assume that X and S are connected, that Z is smooth over a field K, that g and h are smooth, proper and surjective, and that every fiber of f : X → S is a quadric. Then f : X → S is a fibration in quadrics (this is a small generalization of [Bea77b, Prop. 1.2]). For instance, given a smooth cubic hypersurface X ⊆ P m+3 Q , which contains an m-plane Π, projection from Π exhibits the blow-up of X along Π as a fibration in quadrics of dimension m over P 2 Q .
